The resistance force of the granular matter is modeled as a linear superposition of a static (quadratic depth-dependent) resistance force and a dynamic (quadratic velocity-dependent) frictional force. The impact is defined from the moment the end point of the system comes in contact with the granular matter surface until the vertical linear velocity of the end point is zero. The variables of interest are the final depth at the end of the penetration phase and the stopping time. The results for a two-link kinematic chain with two points of contact were compared to the results obtained by applying the resistance force formulation developed to corresponding CAD simulation models. The results revealed that the final displacement increases with initial velocity, while the stopping time decreases. The sensitivity to the initial velocity was studied and an improvement to the resistance force formulated as a result. A series of expressions are proposed for the resistance force coefficients.
Introduction
Impact with granular matter has been of great interest to researchers for decades, mainly because although the material is a conglomeration of discrete solids, it behaves as a fluid until a solid-like behavior becomes established. As a result, a resistance force that would account for these characteristics during impact has been difficult to model. The dynamics associated with the motion and interaction of rigid bodies with Newtonian fluids is a classical problem in fluid mechanics. Granular materials are collections of polydisperse grains and exhibit complex behaviors. This means that the rheology of the medium is comparable to that of a solid under a critical shear stress, although it performs like a fluid above it. Granular materials have been studied for potential applications in multiple areas. In earth science, for example, problems such as avalanches involve the flow of granular matter [1, 2] and a better understanding of their behavior would greatly facilitate those seeking to model the effects of earthquakes [3] , meteorite impact cratering, and low-speed impact cratering [4] [5] [6] . Industrial processes such as mixing, stirring, and drilling would also benefit [7, 8] . To appreciate the larger perspective that is involved in these applications, the impact of an object with granular matter is being explored through experiment, simulation, and theory. However, because of the solid-fluid-like behavior of the granular matter, a great deal remains to be explored, especially from a theoretical perspective. The focus of much of the current research on the impact of a rigid body on granular matter is on describing the force experienced due to the reorganization of the grains that are opposing the motion of the intruder. A good understanding of these forces can aid in the design of tools and the design and control of robots designed to maneuver in granular environments. Due to the lack of a universal accepted theoretical model, experiments have generally sought to demonstrate the variation of the drag force in terms of a number of different parameters: impact velocity [9] , the diameter of the penetrating object [1, 9] , the packing volume [10] , and the shape [11] of the penetrating object, for example, cylinders [7, 9, [12] [13] [14] or spheres [3, 15, 16] . Others have adopted a slightly different approach by performing their analysis using discrete element methods (DEM) for the same purpose [1, 17, 18] .
The penetration of granular matter at high speeds and low speeds has been studied in recent years [5, 6, 16, 19, 20] . In particular, studies of impact cratering have looked at parameters such as the depth and size of the crater, as well as how the form of the crater is affected by the initial impact conditions of the impacting rigid body. To study the motion of a sphere through granular matter resistance force models that treated the problem as the sum of a velocitydependent force and a static resistance force which is depthdependent were created [5] . For example, Ambroso et al. [19] suggested that the stopping time of a projectile in granular matter depends on the geometry and density of the rigid body and the initial impact velocity.
Lee and Marghitu [21] extended the work of Katsuragi and Durian [4] to provide the first mathematical model for an oblique impact. They demonstrated that for an oblique impact of a compound pendulum the stopping time in the granular matter increases with decreasing initial impact velocity using a force model that consists of a linear superposition of the static resistance force and drag force.
The focus of this study is on the oblique impact of rigid bodies. Research shows that the study of the impact of rigid bodies with granular matter is potentially of great significance. As yet, to the best of our knowledge there has been no comprehensive universally accepted expression for the penetration resistive force of a rigid projectile into a granular medium. The most important aspect of this analysis is therefore to develop an analytical expression for the resistant force that is valid for low-speed impact both vertically and at an angle. Researchers have analyzed the impact of spherical and cylindrical shaped rigid bodies through experiments and numerical simulation. It was concluded that the drag force [16] should include a quadratic velocity-dependent term [4, 5] and depend on the depth of penetration [2, 7, 9, 11, 22, 23] . Research has also shown that the resistant force and depth of penetration for plunging rigid bodies into granular matter depend on other parameters as well. The resistant force during impact scales with impact velocity [16] , diameter of the impacting object [2, 9, 24] , and packing fraction [2, 10, 25] . Only a few studies have been reported for oblique angle impact [21] but have shown that the impact angle has an influence on the value of the resistant force [1, 13, 18, 26, 27] .
The first objective of this paper is to examine the characteristics of the resistance force presented above and to develop a model that takes into account the granular properties of the medium. Until now, the coefficients employed in these expressions have been determined experimentally. Instead a series of mathematical expressions will be proposed and then validated by comparing the simulation results for depth and stopping time for double impact points at different angles with the experimental results.
A second purpose is to validate the use of a CAD software package in simulating the impact with granular matter by using an equation model that will reduce computational time in comparison to other numerical models and discrete element methods. The results of this study will be of a particular value in robotic design, prosthetics, and biomechanics.
This study is of great importance and a set of mathematical expressions for estimating the values of the scaling that should be used is proposed for each component of the resistance force. The force model presented here shows that the two components are not independent of each other and should thus not be treated separately. The depth depends on impact velocity; therefore the static force will be influenced by the dynamic force.
Mathematical Model
The first mathematical model for the impact of an object with granular matter at a specific angle was proposed by Lee and Marghitu [21] based on the force model proposed by Tsimring and Volfson [5] and verified experimentally for a sphere by Katsuragi and Durian [4] . The resistance force proposed takes into account both the rate-dependent force (dynamic frictional force) and the displacement-dependent force (static resistance force):
The dynamic force (V) is due to the velocity, V, of the intruder in the granular matter, which is made possible by the fluid-like characteristics of the material, up to the point at which the granular material begins to act like a solid surrounding the object, stopping its motion. Hence, the expression for this can take the same form as that for the drag force: = V. However, it has been shown that the rate-dependent force is proportional to the velocity squared [9, 25] 
where is the density of the medium, is the reference area, and is the drag coefficient. The dynamic force used in this work is
The force is opposing the motion of the penetrating body; therefore, the force expression includes the term −k/|k|. The term is a constant and is the reference area. The static force, , in (1) represents the force that appears due to the hydrostatic pressure [10] and is based primarily on the reorganization of the particles of matter and grain friction. Thus, this force depends on the material properties, the packing of the matter [2, 17, 25] , gravitation, and size and shape of the penetrating object. This will tend to lead to the stress on one side to increasing with depth according to the scaling factor in one direction and according to a power law for depth in another direction.
The horizontal static force increases with the granular pressure [9, 15, 24, 28] that is acting on the surface of the body in the horizontal direction. From experiments conducted [9] at very low speeds of V 0 < 5 mm/s, the yield force is of the form = 2 , where is a constant that depends on the media properties, is the gravitation acceleration, is the immersed dimension of the intruder, and is the diameter of the object. The direction in which the force acts will be opposite to the normal velocity k ℎ of the center of mass of the immersed volume, , and the immersed length of the rigid body is given by the displacement in the granular matter of the tip of the cylinder, . Therefore the generalized horizontal static force is
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The vertical component of the static force represents the resistant force of the granular medium to the immersion of the intruder in the vertical direction. Experiments conducted for vertical impact [3, 15, 23] revealed a nonlinear dependency of the force on the depth of penetration and attempted to formulate a power law to describe this force. The power law form was proven to arise due to the dispersed quality of the grain size of the granular matter found in nature, so that the force chain structure between the grains and the grain intruder exhibits a homogenous distribution. Thus, the expression for the vertical static force is
where is the length of the rigid body and k V is the vertical term of the velocity of the center of mass of the immersed volume, . For a two-link kinematic chain with two contact points, (2), (3), and (4) can be applied for each contact point. The dynamic friction force and static resistance force have the same point of application. The point of application is considered to be the centroid of the immersed volume. For a Cartesian reference frame the terms of the resistance force become
where is the lateral dimension of the link, is the diameter, and is the density of the granular medium. Because of the proven dependency of the resistance force of the packing fraction of the granular matter, is the density of the medium and the packing fraction is factored into the value of . The velocity k is the linear velocity vector of the centroid of the immersed volume, with k being the horizontal component of the velocity k and k the vertical component of the velocity of the centroid k .
The velocity of point , as shown in Figure 1 , can be expressed in terms of the velocity of the end point , V , angle of impact, , and angular velocity of the bar, : where r and r are the position vectors of points and :
Then
Substituting (11) into (8) and with = k, the expression for V becomes
Therefore the expressions for V and V to be used in (5), (6) , and (7) are
The term in (5) represents the reference area of the rigid body as represented in Figure 1 . Because the impact in this model will be expressed in terms of the impact angle, then the reference area will change as the angle changes during impact. The expression for the reference area is
where is the angle between the cylinder and the vertical axis and is the moving angle (see Figure 1 ) of the intruder. The volume of the immersed rigid body can also be calculated in terms of the impact angle:
Substituting (5)- (15) into (1) and separating the components of the vectors per their respective unit vector, the components of the resistance force are
The constants V and depend on the shape of the body, the container of the medium, the volume fraction of the granular matter, and the direction of motion of the penetrating object, that is, whether it is plunging in or withdrawing. These constants are expressed based on empirical data. These experiments [3, 15, 23] focused specifically on the vertical impact of spheres at low speed V 0 ≤ 5 mm/s, but it is also important that the medium used for the experiments in all three studies consisted of monodisperse glass beads. The recent work of Li et al. [14] has shown that the grain type has a considerable influence on the error obtained for their model. For natural sand, they observed an error that was 11% higher than the results obtained in glass beads. The power law coefficient has been shown to be independent of both the impact speed and diameter of the intruder, but it does depend also on grain size and container size and hence the density of the medium [3] . For a cylinder intruder, is smaller than 1.3 under the conditions described above for the plunging motion and greater than 1.7 for withdrawal [15, 23] . The work of Bruyn and Walsh [10] has shown a clear dependency of the power law on grain size and found values for the power that are less than 1. The scaling coefficient for the vertical static force was measured [15] to be approximatively 10 for plunging and 0.5 for withdrawing motion, but other studies that used cylinders as probes for impacting a granular medium consisting of glass spheres [11] found the coefficient ℎ to be as high as 70, while Albert et al. [24] recorded values as low as 2.43 for cylinders of diameter up to 11.9 mm. For the scaling of a drag force similar to the static vertical resistant force, Costantino et al. [29] observed a value for ℎ of approximatively 2.7.
In the recent work of Wang et al. [18] , which utilized a force similar to the one used in this study, the authors concluded that all the scaling factors involved in the expression of the resistant force depend primarily on the angle of impact.
Since some of the studies mentioned that the scaling constants and power law in the resistance force, , ℎ , V , and , depend on the density of the media, and others demonstrated that these coefficients depend on the impact angle, it is now possible to propose a series of expressions that include both. In Table 1 we propose expressions for , ℎ , V , and that have been developed empirically in terms of the numerical value, Λ , of the density of the granular matter, , and the impact angle, . The expressions presented in Table 1 provide approximative values for the constants that can be implemented in the force model used in the simulations of a free link impact with granular matter.
Analyses of the dependency of the resistant force exerted by granular media onto a penetrating rigid body on the impact angle [18, 27] have clearly demonstrated the existence of a critical angle. However, for low impact angles the total resistance force involved in an impact with granular matter presents more complicated features.
Experimental Setup and Results
The schematic of the experimental system used to examine the impact of a kinematic chain with two impact points is shown in Figure 2 . The two round ended steel links in this system were identical in mass and dimensions: diameter 1 = 2 = 0.0064 m and length 1 = 2 = 0.135 m. Each link had a plastic washer with a thickness of 0.5 mm around the screw hole. This washer was placed between the links to reduce the friction between the two links to a negligible level while at the same time allowing them to rotate around a screw at the top. is the height with respect to which the initial impact velocity V 0 is defined. For all the models in this study, the impact is defined from the moment the tip of the bar contacts the granular surface (V is maximum) and ends when the vertical component of the velocity of the point is zero. The penetration depth, , is the distance between the surface of the granular bed and the end tip of the cylinder. The initial conditions are given by the initial impact angle and initial impact velocity V 0 . Angle is the angle of the bar with the vertical axis , and = /2 − .
The motion capture system used for this study is the Northern Digital Inc., OPTOTRAK 3020. The system consists of IR markers, a strober, position sensors (IR cameras), a Control Unit, and a PC (Figure 3) . The OPTOTRAK 3020 can track up to 256 inferred markers connected through the strober to the control unit. The control unit is connected to the position sensors to measure changes in the position of the markers with time. The user has access to the data recorded through the NDI ToolBench software, which also controls the system hardware.
Infrared markers are attached to the chain system. One marker is positioned in the center of the mass of the link, one marker, 2 , is at the top joint, and a third marker is located on the surface of the granular matter for reference. The motion capture system in Figure 3 does not require calibration. The 3D position in time of the two markers attached to the rigid free link is captured during the free fall at a sample rate of 650 frames/s. The granular medium utilized for the experiments in this study was "Play Sand" (Quikrete 1113-51). This kind of sand was chosen over glass beads or monodisperse beads due to the fact that its properties are more appropriate for applications involving multilegged robots that must move across many different types of terrain. Li et al. [14] performed tests on dry granular media with various particle sizes and properties. They reported large errors between tests on natural sand and glass beads and poppy seeds. For the purpose of this study, natural polydisperse grains represent the optimum choice. A box of dimensions 0.45 × 0.32 × 0.09 m (length × width × height) was filled with the granular matter. The dimensions of the box were sufficiently larger than the intruder to ensure that no Jansen effect would occur. In order to preserve the integrity of the results for each data collection, the sand was stirred and leveled before each drop of the system. This procedure was utilized to maintain volume fraction and eliminate history effects. Using the setup in Figure 3 the impact with granular matter was inspected under several initial conditions. The impact angle is defined relative to the upward vertical axis. The initial velocity was defined as the linear velocity of the end Table 2 shows the recorded stopping time, ; final displacement, ( ); the initial impact velocities chosen, V . The experimental results show that increasing of the initial impact velocity leads to a decrease in stopping time. This means that, for lower impact velocities, it takes longer for the penetrating object to stop moving, even though the distance traveled is shorter.
Results
The two-link kinematic chain is modeled in SolidWorks according to the specifics of the experimental design. The resistance force used for each impact point of the system has the formulation given in (16) . For the simulation of the resistant force, , = 1, 2, the values of the four constants were estimated using Table 3 . The calculated values that were substituted for the coefficients in the expression are given in Table 4 .
The motion analysis was run for three initial velocities and the angles of the two links with the vertical were the same as in the experimental setup. The colored curves in Figure 4 show the simulation results for the immersion of the tip point of Link 1, Figure 4 (a), and Link 2, Figure 4(b) , conditioned by the initial velocity.
For each link, the phenomenon normally associated with a low velocity impact with granular matter appeared. The final displacement corresponding to zero value for the vertical linear velocity of the end point increased with initial velocity, but the stopping time for both links decreased with increasing initial velocity. The displacement in time for each link during simulations was very similar to the average displacement in time observed in the experimental trials (black curves in Figure 4) . The relative error between the simulation results and the experimental final displacement is shown in Table 5 . The two-link impact with the granular ∘ and 2 > 85 ∘ the features of the impact will become more complicated, but the phenomenon characteristic to the penetration of the granular matter should appear still.
The total resistance force = √( + )
on each link is presented in Figure 5 . The resistance force increases with increasing initial velocity for each link. During the penetration, the resistance force will increase according to the dynamic force until this component reaches its maximum and then the resistance force will act more and more under the influence of the static force. The penetration phase ends with the resistance force having a magnitude equal to the static force. Figure 5 shows that the resistance force depends on the dynamic force longer at higher initial velocities. This is also depicted in Figure 6 , which shows the instant at which the dynamic and static components interchange influences. For Link 2, the dependence of the resistance force on the dynamic force with initial velocity is more pronounced (Figure 6(b) ) and the dynamic force will exert an influence on the resistance force for longer than at higher velocities. This is reversed at low velocities, where the displacement dependency will dominate longer. For Link 1 (Figure 6(a) ), the static force will prevail for longer than at higher velocities because, for this link, the magnitudes of the dynamic force for V1 01 and V1 02 are so close in value and in appearance in time that the velocity dependence and displacement velocity will switch dominance almost at the same time.
The total energy dissipated to the granular medium by each link Δ = ΔK.E. + ΔP.E. is shown in Figure 7 . The datum for the potential energy is considered the surface of the granular media. The error between the two links in total energy dissipated stabilizes to 0.6% for all three initial velocities. The total energy released to the medium increases with initial velocity (Δ = 0.24 J at V 01 = 2.6 m/s, Δ = 0.18 J at V 02 = 2.3 m/s, and Δ = 0.10 J at V 03 = 1.6 m/s). The kinetic energy starts with a concave curvature but then goes through an inflection point and changes curvature. Interestingly, the potential energy does not show the same tendency and so will have an initial influence on the total energy values. However, due to the approximatively 10 times higher values for the kinetic energy, the potential energy will present a logarithmic like influence on the total energy while the kinetic energy will increase and come to dominate the energy dissipation trend (Figure 8) . The lower the velocity, the longer it will take for the percentage of kinetic energy to increase.
Conclusions
For the impact of a two-link kinematic system with granular matter, the experiments showed that the system will stop faster with increasing initial velocity but will immerse deeper into the volume. The analysis was performed for each link separately, each with its own contact point. The experimental system settings were utilized for the simulations and a model was created in SolidWorks. The series of resistance force components, both for quadratic velocity and for the linear displacement-dependent variables, were used to simulate the impact with granular matter. Appropriate force coefficients ℎ , , V , and expressions and values were proposed. The errors between the simulation and experimental results were low, and the behavior was consistent. The simulations also revealed the impact of the dynamic and static components on the resistance force and the percentage contribution of each. For increasing velocity, a slower shift in dominance from dynamic force to static force was both expected and demonstrated during the simulations. The resulting curves describe the progression of the dynamic and static forces and, in consequence of the resistance force, are consistent for each link when compared to the forces obtained for the single link impact angle model at the impact angles used in this study. The total mechanical energy for each link is preponderantly due to the kinetic energy for higher velocities, with the potential energy of the system released to the environment about being at the most 10 times smaller than the kinetic energy. Each link contributes about 50% to the total mechanical energy discharged to the environment for the system consisting of two identical links positioned at the same angle with the vertical. 
